Clumpy structures are a common feature in X-ray images of young Type Ia supernova remnants (SNRs). Although the precise origin of such clumps remains unclear there are three generic possibilities: clumpiness imposed during the explosion, hydrodynamic instabilities that act during the remnant's evolution, and pre-existing structures in the ambient medium. In this article we focus on discriminating between clumping distributions that arise from the explosion and those from the remnant's evolution using existing 3D hydrodynamical simulations. We utilize the genus statistic for this discrimination, applying it to the simulations and Chandra X-ray observations of the well-known SN Ia remnant of SN 1572 (Tycho's SNR). The genus curve of Tycho's SNR strongly indicates a skewed non-Gaussian distribution of the ejecta clumps and is similar to the genus curve for the simulation with initially clumped ejecta. In contrast, the simulation of perfectly smooth ejecta where clumping arises from the action of hydrodynamic instabilities produced a genus curve that is similar to a random Gaussian field, but disagrees strongly with the genus curve of the observed image. Our results support a scenario in which the observed structure of SN Ia remnants arises from initial clumpiness in the explosion.
INTRODUCTION
The X-ray emission from young supernova remnants (SNRs) holds important clues about the nature of supernova explosions. This is particularly relevant for the remnants of Type Ia supernovae (SNe Ia) which are used as standardizable candles to determine the expansion history of the universe (e.g., Riess et al. 1998; Perlmutter et al. 1999) . In particular, since the ejecta of SN Ia remnants emit primarily in the X-ray band as optically thin thermal emission and are extended across many arcminutes, the X-ray morphology of such remnants can in a young remnant will appear as clumpy, even in the absence of structure in the initial ejecta distribution and the ambient medium. In one study focused on SN Ia remnants Wang & Chevalier (2001) used twodimensional hydrodynamical simulations to study the structure generated by the dynamical instabilities and also by introducing overdense ejecta clumps of varying size. They found that ejecta clumps could survive as distinct features for several hundred years as long as the clump's initial overdensity (compared to the surrounding ejecta) was high enough (at least a factor of 100 in the case of Tycho's SNR). The magnetohydrodynamic simulations of Orlando et al. (2012) showed that magnetic-field amplification at the outer edges of clumps could stabilize them, enabling clumps with a smaller density contrast (a factor of only 10) to survive. Both of these previous studies introduced ejecta clumps as ad hoc features in an otherwise smooth ejecta distribution. Warren & Blondin (2013) ran high-resolution three-dimensional (3D) hydrodynamic simulations of SN Ia remnants assuming smooth (unclumped) ejecta interacting with a uniform interstellar medium, while varying the compressibility of the gas to approximate the effect of efficient particle acceleration (e.g., Decourchelle, Ellison, & Ballet 2000) . These authors argued that the dynamical instability was sufficient to describe the radial profile and clumpy central structure of SN Ia remnants and that clumpiness in the initial ejecta distribution was not required.
Tycho's SNR, studied by Tycho Brahe in 1572, is known to be the remnant of a normal SN Ia based on its light-echo spectrum (Krause et al. 2008 ). As noted above, clumpy ejecta structures in the remnant were clearly recognized in early broad-band high resolution (∼5 ) X-ray imaging with the Einstein and ROSAT missions (e.g., Seward et al. 1983; Hughes 2000) . These data also showed evidence for spectral inhomogeneities in the form of two clumps along the rim in the southeastern quadrant: one Si-rich and the other Fe-rich (Vancura et al. 1995) , which were subsequently confirmed by followup studies with X-ray CCD observations (Hwang & Gotthelf 1997; Decourchelle et al. 2001) . High resolution (∼1 ) imaging with Chandra (Hwang et al. 2002; Warren et al. 2005) revealed that the structure of the ejecta emission was quite clumpy on scales of a few arcseconds, but without the compact knots seen in the core collapse SNR Cas A Hwang et al. 2000) .
Recently, Sato & Hughes (2017a) found that X-ray clumps in Tycho's SNR could be separated into distinct redshifted and blueshifted ejecta clumps using Chandra imaging spectroscopy, giving researchers new insights into the three-dimensional kinematics of Type Ia SN ejecta. In addition, Williams et al. (2017) compared the ejecta kinematics in Tycho's SNR (specifically the range of deceleration parameters from proper motion measurements of individual clumps) with a pair of 3D hydrodynamical models of the remnant's evolution: one model started with a smooth initial ejecta distribution and the other started with a clumped ejecta distribution. These authors argued that both models, when evolved to the age of Tycho's SNR, were able to accommodate the observed distribution of deceleration parameters for the ejecta. On the other hand, the simulated images were distinctly different in visual appearance, suggesting that the current morphology of the remnant contains usable information on the initial distribution of the ejecta.
Our preliminary investigations into constraining the structure of SN Ia remnants using Fourier and wavelettransform (e.g., Lopez et al. 2009 ) analyses did not turn out to be sufficiently powerful at discriminating the two hydro models and the observed Tycho image from each other. This led us to investigate an approach that would be more sensitive to patterns in the distribution of clumps and holes in the images, such as the "genus statistic." The genus statistic in astronomy was initially used to study the topology of the universe and the 3D distribution of galaxies (Gott et al. 1986 (Gott et al. , 1987 . It was also applied to H I column density maps of the Small Magellanic Cloud (Chepurnov et al. 2008 ) and density fluctuations in MHD simulations of turbulence (Kowal et al. 2007 ). Our study represents the first time the genus statistic has been applied to SNRs.
In the following we present a brief summary of the genus statistic ( §2). Then in section 3 we report on our determination of the genus curve from the X-ray images of Tycho's SNR, addressing issues of image smoothing, variations among different observations, our methods to determine uncertainties on the genus curve, and the variations of the genus curves for different observed energy bands. In section 4 we evaluate the genus curves for the simulations and compare them to the data. Here we also discuss the implications of our work in the context of explosion models for SN Ia. We conclude with a summary of results in section 5. Throughout this paper, unless explicitly stated, we quote uncertainty intervals at the 90% confidence level.
2. GENUS STATISTIC Coles (1988) studied the statistical geometry of 2D random fields. He began with the idea of an excursion set (the set of points in an image above a given intensity threshold) and showed how the Euler-Poincaré (EP) characteristic 1 of the excursion set could provide a statistic sensitive to the pattern of holes and peaks in 2D images generated with different types of random fields. The EP characteristic of a 2D image can be represented as
where N >I0 is the number of isolated regions in the image data above a threshold intensity I 0 and N <I0 is the number of regions below the threshold. Hereafter we refer to G as the genus (although we are aware that this nomenclature is not, strictly speaking, mathematically correct). The genus curve of a 2D image is constructed by varying the threshold I 0 over the range of intensities in the data and typically the genus is expressed as a function of ν where I 0 = νσ and σ is the root-mean-square of the map intensity. Here, a filled circle would produce a genus of 0, while a ring shape that has one "hole" would be classified with a genus of −1. Furthermore, 2 (or 3, 4...) disjoint filled circles would be classified as genus of 1 (or 2, 3...). Figure 1 . An example of the genus curve (solid blue dots) from a random Gaussian distribution, whose image is shown in the insert at lower right. The black (red) dashed line shows the best-fit genus curve using the analytic expression for the random Gaussian (chi-square pdf) field. The chi-square pdf case has n = 5 and the same coherence angle as that for the Gaussian field.
We use the "genus" python module in "TurbuStat" 2 (Koch et al. 2017 ) to obtain the genus curves of our
1 The EP characteristic is the integral over all contours in the map (at a given intensity level) of the geodesic curvature of the contour (for more details see Coles 1988) .
2 https://github.com/Astroua/TurbuStat images. Figure 1 shows an example of the genus curve obtained from a random Gaussian field. At thresholds below the mean intensity, the genus curve shows a deep dip because of a large number of low-intensity ("hole") regions. On the other hand, at higher threshold levels, the number of high-intensity ("clump") regions dominate. At increasingly higher or lower intensity values there are fewer and fewer structures as the image runs out of pixels with intensity values far from the mean. The genus curve for a random Gaussian distribution can be analytically expressed as (Coles 1988 )
where A and θ c are the area of the field and the coherence angle, respectively. Some analytic solutions for non-Gaussian fields are also given by Coles (1988) . Here, we introduce the analytic solution for the chi-square 3 probability density function (pdf) of order n, which is described as
where Γ is the Gamma function. To convert the threshold u to standardized form, u = µ + νσ, we use the elementary results from probability theory that µ = n and σ 2 = 2n for a chi-square pdf. The genus curve here is asymmetric in amplitude (there are typically more holes than peaks) and the G = 0 value is offset from zero intensity toward negative values. The genus curve of the chi-square pdf approaches that of the Gaussian distribution as n grows large.
Although there is no expectation that these simple models will accurately describe the quantitative behaviour of actual X-ray images of SNRs, they are useful as heuristic guides and as a baseline for comparison between the images of Tycho's SNR and the hydrodynamical models.
OBSERVATION, DATA ANALYSIS AND RESULTS
We aim to evaluate the clumpy structures in Tycho's SNR using Chandra high angular resolution (∼ 1 ) images. The Chandra ACIS-I detector imaged Tycho's SNR in 2009 for an effective exposure of 734.1 ksec (PI: John P. Hughes). We also use the shorter ACIS-I observations (∼ 150 ks) of the remnant taken in 2007 (PI: John P. Hughes) and 2015 (PI: Brian J. Williams) for the comparison presented in section 3.2. We reprocessed all the level-1 event data, applying the standard data reduction with CALDB version 4.6.1. During this process, we use a custom pipeline based on "chandra_repro" in CIAO version 4.7. Figure 2 shows the flux image (including line emission from Si, S, Ar and Ca) of Tycho's SNR. In the central part of the remnant, we can clearly see the clumpy structures that we focus on in this study. At the outer radius of ∼3.4 arcmin, there is an intensity peak because of the projected (limb-brightened) shell structure (e.g., Sato & Hughes 2017a ) that is composed of a large number of ejecta knots projected on top of each other. In addition, the peculiar ejecta features mentioned in the introduction appear at the edge of the southeastern rim.
These structures as well as limb brightening complicate the evaluation of the clumpy structures. Therefore, we only use the central region (white circle in Figure 2 ) where the main effect of projection comes from the central (and therefore more nearly face-on) front and back hemispheres of the expanding ejecta shell.
X-ray intensity is roughly proportional to the square of plasma density. Therefore, we expect the square root of the intensity to reflect more accurately the density distribution, and we use the image scaled in this way for the genus analysis. In order to compare directly with the theoretical images (as shown in the following section), we further scaled the images by subtracting the mean image intensity value from each pixel and then dividing by the square root of the variance of the image intensity values.
Smoothing and Monte Carlo Sampling
Smoothing has an important and consequential effect on the genus curve of an image. On the other hand, observational images often have limited photon statistics, which we typically alleviate by smoothing. In this section we study the effect on the genus curve of applying different amounts of smoothing using a Gaussian filter in order to decide on an optimal balance between reducing noise fluctuations and smoothing away real image structures. Figure 3 shows three images with different smoothing radii. In Figure 3 (a), the case with no smoothing, there are many small (noisy) contour levels that are mostly composed of isolated pixels. In particular, the regions in the blue contour (ν = −1.5) have only ∼10 X-ray counts per pixel, leading to ∼30% Poisson fluctuations in the pixel values. These noise fluctuations introduce many spurious contour levels and bias the genus numbers. In the case of larger smoothing radii (Figure 3 b, c), the number of the contour levels from noise fluctuations are reduced significantly.
The genus curves obtained from the images in 2009 gradually change with smoothing radius (Figure 4 ). In the case of no smoothing, the minimum of the genus numbers is about −300. We surmise that most of these "holes" are due to Poisson fluctuations in the low count regime. For example, the absolute value of the minimum genus number is larger than that of the maximum genus number of ∼200, which means a hole-dominant morphology in Tycho's SNR. On the other hand, for smoothing with σ > 1 pixel, the tendency is reversed (i.e., a clump-dominant morphology). In addition, the change of genus curve between the σ = 0 and 1 pixel smoothing levels is the most significant (see also section 3.4). The large change of the genus curve implies a transition from a noise dominant structure to a signal dominated one. Therefore, we believe that smoothing with a σ of at least 1 pixel is necessary to obtain a reasonable genus curve without a large contribution of noisy pixels.
All the genus curves seem to have a skewed shape. For example, the genus curves do not pass through zero at the mean level (the intensity threshold ν = 0 in Figure 4) and fall slowly at large threshold levels, which is similar to the genus curve for the chi-square pdf distribution (see red broken line in Figure 1) . Chepurnov et al. (2008) applied the genus statistic to the column density map of the Small Magellanic Cloud and evaluated whether the map was consistent with a Gaussian field using the value of the genus curve at the zero intensity point ν 0 . For a 3D field, positive and negative genus values at ν 0 are classified into "meatball" and "swiss cheese" topologies, respectively. In the 2D case we have here, using a similar classification, the morphology of the clumpy structures in Tycho's SNR would be classified into peak-dominated because of the positive genus at ν 0 . In the following section, we carry out a more quantitative evaluation of the genus curves.
We generate uncertanties on the genus curves using a Monte Carlo resampling of the images. Here, we randomized the pixel values in the original X-ray image using a Poisson distribution and generated 30 sample images. As a result, we obtained 30 genus curves and estimated errors from the variance of the genus values ( Figure 5 ). We also determined the covariance matrix from these simulations and found little correlation between different bins in the genus curve.
Genus Curves with Different Exposure-time Observations
As described in Section 3.1, noise from low-photon number statistics leads to an apparent bias in the genus curve, which can be reduced by image smoothing albeit at the cost of potentially removing some true image structure. Still it is difficult to determine the minimum smoothing radius required to obtain a reasonable genus curve using only a single observation. We here compare the genus curves among observations of different exposure length (Figure 6 ).
In the case of σ = 1 pixel smoothing, the observations in 2007 and 2015 show ∼1.5-2 times larger genus numbers than the ∼5 times longer observation in 2009 (Figure 6 a) . This cleanly demonstrates the role of noise in biasing the genus curve. It is notable that the genus curves in 2007 and 2015 are similar to each other. Although Poisson fluctuations would result in different pixel values for each observation, the similar behavior of the genus curves for similar exposure times indicates that the average genus number count is a valid estimate across the ensemble of pixels in an image.
Figures 6 (b) and (c) indicate that large smoothing radii are effective in reducing the miscount of the genus number even for the short exposure time observations. Table 1 shows a quantitative evaluation of the similarity among the genus curves using χ 2 to compare the two short exposure datasets with the 5 times longer dataset for different amounts of smoothing. For smoothing with σ > 4 pixels, we obtained nearly coincident genus curves among all the observations and statistical agreement between those curves. This strongly supports that the genus curves are dominated by physical structures in the remnant, rather than noise, and that we can derive quantitative results from the curves (as we do in 3.4 below). the fitting range is −1.9 ν +2.7.
Genus Curves with Different Energy Bands
In X-rays, we can investigate the distributions for each element using the energy band containing specific emission lines, which is very useful for understanding the distribution of elements associated with the explosion and their nucleosynthesis (e.g., Hughes et al. 2000) . In particular, the clumpy ejecta model for Type Ia SNRs has been proposed to be caused by the 56 Ni bubble effect (Wang & Chevalier 2001) . If the 56 Ni bubble made the ejecta clumps in Tycho's SNR, some evidence might be present in the elemental distributions. In this case, the comparison of the distributions between the Fe (because 56 Ni decays to 56 Fe) and the other elements would be important to understand the formation process of the clumps in the remnant.
Figures 7 (a) and (b) show the comparison between the intermediate mass elements, IME (1.76-4.2 keV) and Fe (0.72-1.3 keV) images. Although the X-ray clumps in both images seem to show generally similar structures, there are some differences in the details. For example, the shapes of the blueshifted X-ray clumps B1 and B2 (see also Figure 5 in Sato & Hughes 2017a) look different from each other, B4 has different number of intensity peaks, and the number of structures changes at the southeast and northwest side, etc. The differences between them are thought to appear in the genus curves (Figure 7 c) although the genus curve has no sensitivity to the detailed differences in shape. We here use the smoothing radius of 5 pixels to reduce the effect of the statistical uncertainty. Around ν = 1.3, the genus number for the Fe image is ∼1.4 times smaller than that for the IME image, which seems to be mainly caused by the presence of the R1, R2 and southeastern clumps. On the other hand, around ν = 3, the genus numbers for the Fe image become higher than that for the IME due to the presence of the northwestern clumps. Effects of limb-brightening may be more apparent in the Fe image, since Fe emission is known to peak closer to the center of the remnant than the IME (Warren et al. 2005) .
It is difficult to conclude that the difference of the distributions and their genus curves is caused by the 56 Ni bubble effect using the current Chandra data. We use a broad energy-band image that has emission lines from other elements (e.g., Ne, Mg) as well as Fe because it is difficult to separate those emissions at ACIS-I spectral resolution. We could extract a pure Fe image from the Fe Kα emission at ∼6.5 keV; however, the deepest available Chandra dataset has too few photons in this line for a useful comparison with the other elements. In addition, we have no simulation image to compare with our results. Deeper or larger effective area observations with high angular resolution (e.g., with Chandra and future missions like Athena, Lynx, AXIS) as well as hydrodynamical simulations including the 56 Ni bubble and other relevant effects will be needed for more precise evaluation of the relative differences of the element distributions and the formation of clumps.
Evaluation of the Genus Curve of Tycho's SNR
In order to evaluate the clumpy structure quantitatively, we fit the genus curve obtained from Tycho's SNR using the Gaussian and chi-square distribution analytic models (see Eq. 2 and 3). As shown in section 3.1, Tycho's genus curve has a skewed shape, which implies a non-Gaussian distribution of clumps in the remnant. We can evaluate which model is more reasonable for the distribution of clumps by comparing the model fittings. The fitting results are shown in Figure 8 and Table  2 . In the fitting, only the coherence angle of the fluctuations, θ c , and the order of the chi-square distribution, n, are variables. The reduced χ 2 values from the best fits indicate that the non-Gaussian, chi-square pdf, distribution is a more reasonable fit to explain the clumpy structure in the remnant (see χ 2 /d.o.f columns in Table 2), although the fits are not acceptable. In particular, at the minimum and peak of the genus curve, the genus values are both numerically larger than those of the analytic models. This tendency is related to the peak-dominated structure of the ejecta distribution in the remnant.
The smoothing radius changes the fitting parameters (Table 2 ). In particular, the coherence angle gradually increases as the smoothing radius increases in a fairly straightforward manner. The coherence angle of fluctuations is also familiar in the studies of the microwave background radiation. We found the clumpy structures in Tycho's SNR show θ c ∼ 4-9 , which corresponds to ∼0.08-0.18 pc at the distance of 4 kpc. The best-fit values of the order of the chi-square pdf show similar values of n = 15-26, except for the no smoothing case (n = 52), which is noise dominated.
DISCUSSION
We have applied genus statistics for the first time to Tycho's supernova remnant (SN 1572) , to quantify the morphology of its clumpy structures. We found a skewed shape for the genus curve, which indicates that the non-Gaussian (e.g., chi-square) distribution of clumps is more favorable to explain the structures in the remnant rather than the Gaussian distribution (although neither of these models provides a statistically acceptable fit). Our results also showed subtle differences in the genus curves for the images generated by emission from iron and IMEs. In this section we examine the genus curves to help understand the formation of clumps in Type Ia SNRs. Williams et al. (2017) used a simple kinematic quantity (the distribution of deceleration parameters for isolated clumps) to compare observations of Tycho's SNR with two hydrodynamic simulations evolved from near the time of the initial explosion to the current age of the remnant. The two models correspond to two different cases for the initial ejecta distribution: one smooth and the other clumpy. These authors found that both simulations produced a range of deceleration parameters that were in agreement with observations. In spite of this apparent consistency with the observations, the simulated images showed distinctly different visual appearances in their ejecta clump distributions (Figure 9 ). Here we use the genus statistic for a quantitative comparison between the observations and simulations. Figure 9 compares the images among the smooth and clumpy ejecta models (both from Williams et al. 2017 ) and the observations of Tycho's SNR. The pixel size in the model images is scaled by the radius of the remnant, which corresponds to an angular size of 0.4 arcsec. In the case of the smooth ejecta model, clumps arise from the action of the dynamical instabilities acting through the duration of the remnant's evolution. Here the structures appear to be homogeneously distributed across the central region and the clumps are of similar shape and size. On the other hand, the clumps in the clumpy ejecta Figure 9 . Top: the sqrt scale images of the smooth ejecta model (left), the clumpy ejecta model (middle) and Tycho's SNR. Only the image of Tycho's SNR is smoothed by the smoothing σ = 1.5 pixels. Bottom: the images of the central region of the smooth ejecta model (left), the clumpy ejecta model (middle) and Tycho's SNR with the smoothing σ = 5 pixels. The blue and red contours show ν = −1.5 and +1.5, respectively. Table 3 . Summary of the best-fit parameters of the genus curves.
Gaussian pdf chi-square pdf
6.4 5 · 7 6.1 5 · 7 221 2 · 4 (= 6 pix) 4.7 6 · 4 4.8 6 · 3 ≥269 Clumpy model 0 · 8 (= 2 pix) 8.7 6 · 6 4.6 6 · 5 17 1 · 6 (= 4 pix) 7.2 7 · 9 3.9 7 · 8 15 2 · 4 (= 6 pix) 6.6 9 · 2 3.7 9 · 0 12 * the mean genus distance from the analytic models. † the coherence angle of the genus curves estimated from the best-fit analytic models.
the order of the random chi-square pdf distribution.
model appear more filamentary and are distributed more randomly. Both models assume the an exponential radial density profile of Dwarkadas & Chevalier (1998) and explosion parameters of 10 51 erg with 1.4 M of ejecta. The clumpy model is produced using a Perlin algorithm to generate noise with a maximum angular scale of ∼20
• and a maximum-to-minimum density contrast of 6. These simulations using the hydrodynamics code VH-1 are described in detail in Warren & Blondin (2013) . Figure 10 and Table 3 show the comparison of the genus curves among the smooth ejecta model, the clumpy ejecta model and Tycho's SNR. Since we do not have uncertainties on the model genus curves we cannot use χ 2 as the figure-of-merit function; instead for the comparison here we use the mean genus distance
where G(I i ) is the genus number at the intensity threshold I i . We define the best-fit as the model with the minimum genus distance. The fits to the genus curve of the smooth model for both the Gaussian and chi-square distributions yield very similar coherence angles and d genus values. Additionally the chi-square distribution requires large n values (>200) for the best fit which is securely in the regime where the chi-square random field approaches a Gaussian random field. Thus we conclude that the distribution of clumps in the smooth model is close to a random Gaussian distribution. The genus numbers for the smooth model have much larger absolute values than those of the genus curve for Tycho's SNR at any smoothing σ (for one specific smoothing level see Fig. 10 ).
The clumpy model also shows similar values for the coherence angles between the Gaussian and chi-square distributions, but in this case the genus distance is considerably less for the chi-square distribution, implying a better description of the genus curve. This is similar to what we found for the observation of Tycho's SNR (see section 3.4). Additionally the coherence angles from the clumpy model are a better match to the data for all smoothing scales. And the genus curve for the clumpy model is similar to that of the observed remnant, in particular at a smoothing of σ = 5 pixels (Figure 10 ). The genus statistic therefore strongly supports an initial clumped ejecta distribution as the origin of the clumps in Tycho's supernova remnant. Warren & Blondin (2013) argued that the presence of ejecta knots ahead of the forward shock in Tycho's SNR and SN 1006 can be generated by smooth ejecta without any initial clumpiness using their three-dimensional hydrodynamics simulations. In order to approximate the effect of efficient particle acceleration, they allowed for the adiabatic index γ to be a model parameter. The simulations were able to produce clumps breaking through the mean shock radius as observed but only if the shock compression was quite high (a compression ratio of 11). Also, they found that ignoring the emission from material below a certain ionization age tended to change the observed morphology. In fact, the diversity in imaging introduced by changing the adiabatic index and the ionization age cut-offs are not considered in the smooth model we used. Those effects might change the genus curve for the smooth ejecta model. Additionally, we expect differences in the genus curves for each model from different random realizations of the initial conditions. Viewing along different lines-of-sight would also produce different genus curves. Investigation of such studies will be the focus of future work. The existence of a high velocity feature (HVF) identified as the Ca II triplet at a velocity of 20,000-24,000 km s −1 in the light-echo spectrum of SN 1572 (Krause et al. 2008) offers support for initial clumping in the ejecta. Similar HVFs have been found in many SNe (e.g., Mazzali et al. 2005) , as a result of asphericity in the explosion due to, for example, accretion from a companion or an intrinsic effect of the explosion itself (e.g., Wang et al. 2003; Kasen et al. 2003; Tanaka et al. 2006) . Kasen et al. (2003) analyzed both spectroscopy and spectropolarimetry of SN 2001el and showed that both an aspherical photosphere and a single high-velocity blob can reproduce the observations. Also three-dimensional models suggest that large blobs (opening angle: ∼80
• ) or a thick torus (opening angle: ∼60
• ) can naturally explain the observed diversity in strength of HVFs (Tanaka et al. 2006 ) although these structures would be much larger in physical size than the X-ray clumps in Tycho's SNR. At a minimum, the existence of a HVF implies some kind of clumpiness in the ejecta of SN 1572.
The theoretical origin of the initial clumpiness in SN Ia ejecta is still unclear. Important information for the initial ejecta clumping might be in the ignition mechanism. For example, the ignition of the thermonuclear deflagration flame at the end of the convective carbon "simmering" phase in the core of the white dwarf is still not well understood, and much about the ignition kernel distribution remains unknown. García-Senz & Bravo (2005) simulated a pure deflagration model with multiple ignition points, which provided 4-5 large clumps of 56 Ni at the photosphere at the time of maximum brightness. Large 56 Ni clumps seem to be a common feature in all 3D pure deflagration models, however this is in some conflict with the remarkable homogeneity of the observed SNe Ia sample (Thomas et al. 2002) . Also we do not find such large structures in SN Ia remnants. On the other hand, a delayed detonation model could potentially alleviate this problem by breaking the clumps when the detonation hits them. In fact such large 56 Ni clumps seen in the pure deflagration model do not appear in the three-dimensional delayed-detonation models with multiple ignition points (e.g., Bravo & García-Senz 2008; Seitenzahl et al. 2011 Seitenzahl et al. , 2013 .
Burning in an aspherical manner as seen in "gravitational confined detonations" (e.g., Plewa et al. 2004; Jordan et al. 2008; Röpke et al. 2007 ) also could break the smooth ejecta distribution hypothesis. In this mechanism, ignition occurs at one or several off-center points, which makes a burning bubble of buoyant hot ash that ascends rapidly. Rising out of the star, it breaks through the surface, and a shock is driven around the surface which collides at the point opposite the breakout. This model creates a large blob of ash in the upper hemisphere of the white dwarf. However, it produces large amounts of 56 Ni and small amounts of intermediatemass elements, which implies a high-luminosity Type Ia supernovae (Jordan et al. 2008) . In addition, the element distributions are expected to be highly asymmetric (see also Maeda et al. 2010) . These characteristics are not consistent with the light echo spectrum of SN 1572, which appears to be a normal SN Ia (Krause et al. 2008) .
Applying the genus statistic to other Type Ia SNRs will allow us to test the variation in clump properties from one explosion to another. Perhaps the next best case after Tycho's SNR would be SN 1006 where arcminute-scale X-ray clumps have been observed (e.g., Rakowski et al. 2011; Winkler et al. 2014 ). In Figure  11 we present a first look at the genus curve of SN 1006 obtained from the XMM-Newton Large Program observations over -2010 . We selected a sub-region of the remnant away from obvious regions with clear limb-brightening. SN 1006's genus curve closely resembles that of Tycho's SNR with a similar asymmetric and skewed shape. The implication we draw from this preliminary comparison is that the ejecta distribution in SN 1006 is also unlikely to be explained by a smooth ejecta model. Another SN Ia remnant is Kepler's SNR where kinematically-young Xray-emitting small-scale knots have been identified (Sato & Hughes 2017b) . However, applying the genus statistic to this remnant is more problematic because of the complex X-ray surface brightness distribution and kinematics of the X-ray-emitting ejecta (e.g., Reynolds et al. 2007; Kasuga et al. 2018) . These results, however, do bear on the clumpy nature of the initial ejecta distribution in SNe Ia.
The variety of possible SN Ia explosion mechanisms and the difficulty and cost of running end-to-end 3D hydrodyamical simulations from realistic SN explosions to the SNR phase hundreds of years later make it unlikely that high fidelity models of SNR structure will be available anytime soon. So investigation of the properties of the initial ejecta distribution required to explain the structure of SNRs seems to us to be a useful area to research. In the clumpy model we used here, the density contrast range was a factor of six. Comparison of the genus curves for the clumpy model and the observations of Tycho's SNR (Fig. 10, bottom panel) shows that the model produces higher absolute genus numbers than the data at high and low count levels (i.e., around ν ∼ 2.5 and ν ∼ −1.5). Reducing the initial density contrast in the ejecta may reduce these discrepancies and provide a better model fit to the observations. This information can then feed back as constraints on the output of SN Ia explosion models.
SUMMARY
We have made the first application of the genus statistic to X-ray images of young remnants of SN Ia, specifically the remnant of SN 1572 (Tycho's SNR), in order to constrain the properties of clumps in the initial ejecta distribution. The genus curve of Tycho's remnant shows a skewed shape, which strongly indicates that the distribution of clumps follows a non-Gaussian distribution.
Comparison of the observed genus curve with curves generated from two separate 3D hydrodynamical simulations of Tycho's SNR assuming smooth and clumped initial ejecta distributions reveals a clear preference for the clumpy ejecta model. This is strong evidence that SN Ia explosions produce ejecta that are significantly clumped and that measurements of the properties of the clumps are possible from X-ray images.
At present, the cause of the initial ejecta clumping in SNe Ia is still theoretically unclear and end-to-end 3D simulations from the SN explosion to the SNR are not yet available. Running 3D simulations of parameterized initial ejecta clumping distribution and comparing their genus curves to the image data will be an effective next step to help make progress on the nature of Type Ia SNe.
